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We report rheological measurements of a noncolloidal particle suspension in a Newtonian solvent
at 40% solid volume fraction. An anomalous, frequency-dependent complex viscosity is found under
oscillatory shear (OS) flow, whereas a constant dynamic viscosity is found under the same shear rates
in steady shear (SS) flow. We show that this contradiction arises from the underlying microstructural
difference between OS and SS, mediated by weak interparticle forces. Discrete element simulations
of proxy particle suspensions confirm this hypothesis and reveal an adhesion-induced, shear thinning
mechanism with a −1/5 slope, only in OS, in agreement with experiments.
Dense particle suspensions in a Newtonian fluid are
known to display a rich variety of rheologies, such as
shear thickening/thinning, yielding, ageing, etc. [1–4].
These complex rheological behaviours are strongly af-
fected by the details of the underlying microstructure,
which, apart from being a direct consequence of the sam-
ple preparation, is intimately related to various hydrody-
namic/interparticle interactions, including e.g. lubrica-
tion, Brownian, electrostatic, van der Waals and contact
forces [5]. The presence of a non-hydrodynamic force,
F , introduces a second time scale, τF ≡ 6piηfa2/F (ηf
denotes the fluid dynamic viscosity and a the character-
istic particle radius), in addition to that imposed by the
shear, τs ≡ γ˙−1 (γ˙ the shear rate). And, if τF/τs is less
than a critical threshold [6], a nonlinear rate-dependent
rheology may be expected when increasing τF/τs, as the
suspension transits from interactions dominated by non-
hydrodynamic to hydrodynamic forces, cf. [7–9].
While generally true for dense, overdamped suspen-
sions in the Stokes flow regime, the above simple analysis
makes no distinction between steady shear (SS) and os-
cillatory shear (OS) flows. Certainly, the Cox-Merz rule
is not universally valid [10], as the suspension microstruc-
ture is strain-dependent in OS [11, 12]; the next question
is whether the same rate-dependence hold for both SS
and OS within the same range of τF/τs. In the literature,
it is generally assumed that if SS is rate-independent,
OS is also frequency-independent. However, recent ex-
periments challenge this assumption and demonstrate a
frequency-dependent rheology in the absence of any rate-
dependence in SS [13–15]. In this Letter, we combine
experiments with simulations and show that weak repul-
sive or adhesive interparticle forces are enough to induce
the sought frequency-dependence in OS, while keeping SS
rate-independent. Currently, there is a growing interest
in elucidating the rheology of dense particle suspensions,
motivated by both fundamental quests in nonequilib-
rium statistical mechanics and engineering applications,
cf. [16]. We believe the present finding is an important
step toward this goal and may guide judicious designs of
complex fluids and functional metamaterials.
Experiments.— Time sweep oscillatory tests are per-
formed on a suspension of glass hollow microspheres dis-
persed in a Newtonian fluid (polyisobutene) at volume
fraction φ = 40%. The experiments are executed on a
constant-strain rheometer, ARES G2 (TA Instruments)
equipped with a cone-and-plate geometry, by imposing a
sinusoidal strain during each run. The amplitude of the
applied strain, γ0, is varied from 0.5% to 200%. Three
angular frequencies, ω = 5, 50 and 200 rad/s, are tested
repeatedly. After a steady preconditioning shear, the
complex viscosity is followed in time, or equivalently,
as suggested in [11], vs. the total accumulated strain,
γtot = 4γ0ncyc, where ncyc is the number of cycles of the
oscillatory shear. Further details on the experiments are
available in Supplementary Information (SI) and [15].
The suspension is interialess and non-Brownian, as the
particle Reynolds number is smaller than 10−6, and the
Pe´clet number (Pe) is larger than 105. Particle sedimen-
tation can be neglected, as the average Shields number
is about 103. A characteristic time arising from Brown-
ian diffusion or sedimentation is thus irrelevant in the in-
vestigated suspension and, accordingly, the SS behaviour
shows constant viscosity and first normal stress difference
negative and linear in the shear rate; see Fig. 1(a). In OS,
the complex viscosity, η∗ ≡ η′ − iη′′, evolves in time and
is a function of γ0, as widely reported in the literature
[11, 17, 18]; but, surprisingly, it also depends on ω. In
Fig. 1(b), we plot the relative dynamic viscosity, η′R, and
the out-of-phase component, η′′R, of the relative complex
viscosity vs. γtot, for γ0 = 1% and three different ω. η
′
R
is always about two orders-of-magnitude larger than η′′R,
thus it is practically coincident with η∗R, highlighting the
viscous behaviour of the suspension. Fig. 1(b) also shows
the viscosity η′R varies with ω. In general, we identify an
ω-dependent regime for γ0 < 1 and an ω-independent
regime for larger γ0 [15]. These two regimes coincide
with those observed by Lin et al. [19], who showed that
ar
X
iv
:2
00
6.
04
49
4v
1 
 [c
on
d-
ma
t.s
of
t] 
 8 
Ju
n 2
02
0
2FIG. 1: Experimental results. (a) Steady flow curves of the suspension: relative viscosity (ηR) and first normal
stress difference (N1, inset) vs. shear rate. (b) Evolution of the dynamic viscosity (η
′
R) and its elastic counterpart
(η′′R) vs. the total accumulated strain at γ0 = 1%. The angular frequencies are indicated next to η
′
R. (c) Relative
complex viscosity (η∗R) as a function of the maximal shear rate. The solid line is a best fit with slope −0.19± 0.01.
The dashed line corresponds to the averaged value of ηR in (a).
in the first regime the microstructure self-arrangement is
driven by the shear-induced particle diffusion, while in
the second one the microstructure is immediately formed
by the oscillation itself, similarly to what happens for
a steady flow reversal that is indeed rate-independent.
Moreover, in the first regime, the plateau values reached
at large γtot of data taken at different ω and γ0 collapse
on a single master curve if η∗R is plotted vs. the maxi-
mum shear rate ωγ0 (Fig. 1c). That is, the suspension is
shear thinning with respect to an increasing shear rate
over three decades, and the power law exponent is about
−1/5. This rate-dependence suggests there must be a
non-hydrodynamic force in the suspension, which is only
relevant at γ0 < 1. In the following, we trace the origin
of this rheology using numerical simulations.
Simulations.— To investigate the anomalous frequency
dependence, we use a minimal numerical model based on
the hybrid lubrication/granular dynamics [9, 20, 21]. In
this framework, particle dynamics are obtained by ap-
proximating the hydrodynamics with near-neighbour lu-
brication force, combined with interparticle physiochemi-
cal or contact interactions. Below, we present simulation
results of 500 spherical particles in a cube (φ = 40%) sub-
ject to the Lees-Edwards boundary condition, sheared
either steadily or periodically. Both monodisperse and
bidisperse (radius ratio 1.4) suspensions are considered
to check the size effect, for which we observe no major
difference. The suspension responds in the non-inertial
limit, as we ensure the sum of all interactions is much less
than the reference force scales. See SI for the complete
numerical details and visualizations.
Discussions.— To begin with, we notice from the lit-
erature that shear thinning of dense, non-Brownian sus-
pensions has been attributed to several mechanisms [22]:
non-Newtonian properties of the solvent [23, 24], particle
softness [25, 26], inertia [27], variable friction coefficient
[28], interparticle repulsion [4, 9] as well as attraction
[29, 30].
The first three possibilities are immediately eliminated,
since we work with a Newtonian solvent and hard spheres
in the overdamped regime; the external stress is simply
too low for non-Newtonian behaviours or particle defor-
mations to be expected [31].
As for friction, our simulations show negligible particle
contact in oscillatory flow at φ = 40%; the average par-
ticle overlap is typically ∼ O(10−5a) (see SI). Therefore,
friction is seldom active in OS. Furthermore, even if the
friction coefficient reduces with the normal load as in the
model in [28], it should have stronger effects in SS. We
have checked that including the contact model of [28] in
our system leads to shear-thinning in SS rather than OS,
contrary to what the experiments show. Therefore, an
explanation in terms of a variable friction coefficient is
also unlikely.
To examine the effect of interparticle forces, we impose
pairwise (ij) electrostatic repulsion and van der Waals
attraction, given as [1, 32]
Frepl. = −Fr e
−hκ
a/a¯
n, Fattr. =
Aa¯n
12(h2 + 2)
, (1)
where Fr is a repulsive force scale, n the normal vector,
a¯ = 2aiaj/(ai + aj) the harmonic mean radius, κ
−1 =
0.05a the Debye length, A the Hamaker constant, and
 = 0.1a¯ a regularization term, cf. [9, 30]. We activate
Frepl. and/or Fattr. when h ≤ 0.2a, and saturate them by
setting h = 0 when overlap occurs. The corresponding
interaction potentials are illustrated in Fig. 2 (insets),
where the adhesive potential is a superposition of both
repulsion and attraction. In the latter case, an adhesive
force scale can be defined as Fa = Aa¯/(12〈h〉2 + 122),
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FIG. 2: Simulation results of (a) repulsive and (b) adhesive suspensions. In both cases, ηR is nearly constant under
SS (shades denote one standard deviation); whereas η∗R displays either shear thickening or thinning in OS (slopes
and numbers are least squares fits and power law exponents). Insets show generic interaction potentials as functions
of surface gap (dashed lines denote δV = 0). The experimental data is reproduced in (b).
where 〈h〉 is the median surface gap (h) sampled from all
interacting pairs (see Fig. 5).
As discussed earlier, the effect of a non-hydrodynamic
force, F , on the suspension rheology can be measured by
the dimensionless group, τF/τs. Specifically, we write
Srrepl. ≡ bγ0ωFr , Srattr. ≡
bγ0ω
Fa , (2)
where b = 6piηfa
2c, with c a φ-dependent prefactor [33].
Here, Srrepl. and Srattr. represent relative shear rates,
analogously to the Weissenberg number in steady flows
(in which case γ0ω should be replaced by γ˙) and the
Deborah number in transient flows [1, 34]. The critical
value, Srcrit, above which the suspension is completely
Newtonian, is not known a priori. Here, Srcrit ≈ 1 if we
set c = 10−3.
Fig. 2 shows the main result of the simulations. One
immediate observation is that the suspension remains
rate-independent in SS regardless of any interparticle
forces; ηR is nearly constant across four decades of Sr,
consistent with Fig. 1(a) and extending its range of va-
lidity. In stark contrast, η∗R exhibits either shear thick-
ening or thinning in OS, depending on the direction of
the force. With repulsive potentials, η∗R ∝ Sr1/5repl.; while
in the adhesive case, η∗R ∝ Sr−1/5attr. . The trends hold for
all strain amplitudes (γ0), angular frequencies (ω) and
size ratios considered. In particular, the agreement be-
tween the fitted slopes from adhesive suspensions and
experiments implies that it is the interparticle attrac-
tion that produces the additional frequency dependence
in OS. Indeed, as we shift the experimental data verti-
cally to match the corresponding ηR in SS and horizon-
tally to match Srcrit., the two data sets collapse around
a single line (see Fig.2b). Given that the exact magni-
tude of the adhesive forces is unknown (indicating that
the slope −1/5 is not sensitive to the details of the force),
and Fa  6piηfa2γ0ω even at its peak (see SI), this is a
rather remarkable result.
In the remainder, we explore how such rate-dependent
rheologies arise from interparticle forces only in OS but
not SS. As we have introduced additional forces in the
suspension, a natural question is how much they con-
tribute to the final stress. This can be readily extracted
from our simulations, where the bulk stress tensor is
computed by summing the various one-body or pair-
wise stresslets due to the Stokes drag, lubrication and
non-hydrodynamic forces, Σmn = 2ηfE
∞
mn + 〈SSmn〉i +
〈SLmn〉ij+
∑〈SFmn〉ij , where E∞mn is the rate-of-strain ten-
sor. These are averaged over either all particles or inter-
acting pairs [21].
Fig. 3 illustrates the shear stress (xy) decomposition.
First, we notice that the Stokes drag contributes iden-
tically in all cases, which is trivial as SSxy only depends
on φ by definition [21]. Second, the lubrication and con-
tact stresses are nearly constant in SS, whereas in OS,
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FIG. 3: Shear stress components of representative SS
and OS cases under repulsive and adhesive interactions;
see Fig. 2 for the annotation.
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FIG. 4: Surface gap distributions under increasing
Srattr. (left to right) and γ0 (top to bottom) in OS,
averaged over the last ten cycles. N is the number of
pairs. Dashed lines (red) denote 〈h〉. Dotted lines
(gray) denote the average 〈h〉SS , obtained from cases
(S1, S2, S3). Insets in the mid-panel are snapshots of
the hydroclusters in the steady-states.
the former is shear-dependent and the latter is vanish-
ing. The absence of particle contact in OS suggests that
the microstructure organizes into absorbing states [18];
particles follow nonaffine trajectories in the gap of each
other during each oscillation cycle, but always return to
isotropic arrangements at zero amplitudes. Mathemati-
cally, this corresponds to 〈rr〉xy = 0 at γ = 0, where r is
the center-to-center position vector between two neigh-
bouring particles [35]. We have checked that the above
condition is met in all OS cases (see SI). The result of
zero contact stress is thus self-consistent.
The third and perhaps most unexpected finding is
that stresses due to interparticle repulsions or attrac-
tions are completely negligible in all cases (Fig. 3, red).
Since the rate-dependent relative viscosity results from
such forces, naively, one would expect they also make
a rate-dependent contribution to the stress budget, or
at least be active in OS. In contrast, we see nearly zero
F−components across four decades of shear rate, regard-
less of SS or OS. This can only be explained by its small
magnitude. With Fa = Aa¯/(12〈h〉2 + 122) ∼ A/〈h〉2,
the Peclet number based on Fa will be in the range
O(101 ∼ 103) (see SI). Hence, Pe  1 does not nec-
essarily guarantee a negligible “thermal” effect. Here,
the weak adhesive (or repulsive) force clearly represents a
nudge for the evolution of the suspension microstructure,
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FIG. 5: Medians of the average surface gap. Circles and
stars denote the repulsive and adhesive suspensions in
OS, respectively. The dashed line corresponds to 〈h〉SS .
evidenced by the lubrication stress, which ultimately al-
ters η∗R [36].
In the above, we use 〈h〉 to quantify the role of the
adhesive force, as the effective interaction is a statistical
quantity. Fig. 4 shows the average gap distributions for
nine different adhesive suspensions under different Srattr.
and γ0. The left-most bins, indicating the number of
pairs in contact, are only occupied at lower shear condi-
tions. As the relative shear increases, i.e. the attractive
force reduces, 〈h〉 shifts to higher values and the effective
attraction further decreases. This reinforces the shear
thinning and is observed regardless of γ0. On the other
hand, repulsive suspensions experience the opposite with
the effective repulsion increasing when increasing the im-
posed shear (see Fig. 5 and SI). Finally, the median gap
in SS, 〈h〉SS , is insensitive to shear as expected from its
constant viscosity.
Complementary to 〈h〉, we also show flow-induced hy-
droclusters (HC) for cases (A1, A2, A3) in Fig. 4. Here,
particles are depicted with the same color if adjacent,
with “noise” particles in gray (see SI for details). Clearly,
the size of HC reaches the length scale of the domain
at the lowest shear; as the shear increases, it splits into
smaller satellite HC and eventually all disappear. This
provides another view for the shear thinning rheology –
as the number density is lower outside HC, the fluid is
under less stress, which leads to a decrease in energy dis-
sipation and thus a reduced viscosity [37].
Summary.— Experiments of a noncolloidal particle
suspension showing a frequency-dependent complex vis-
cosity and a constant dynamic viscosity are discussed.
Using minimal numerical simulations, we identify an
adhesion-induced, shear thinning mechanism that is in-
sensitive to the specifics of the weak force and generic
to time-periodic flows, thus explaining the experiments.
In general, our finding is not only relevant to rheological
characterizations of suspension-based functional materi-
als, but may also inspire further theoretical development
of self-organization and absorbing-state transitions in the
presence of another actor (F) [38–40].
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